We discuss black hole solutions with a Gauss-Bonnet term in the bulk and an induced gravity term on a thin brane of codimension-2. We show that these black holes can be localized on the brane, and they can be extended further into the bulk by a warp function. These solutions have regular horizons and no other curvature singularities appear apart from the string-like ones. The projection of the GaussBonnet term on the brane imposes a constraint relation which dictates the form of matter on the brane and in the bulk. * Plenary talk given at the 7th Friedmann International Seminar on Gravitation and
Introduction
A lower dimensional version of a black hole living on a (2+1)-dimensional braneworld was considered in [27] by Emparan, Horowitz, and Myers. They based their analysis on the so-called C-metric [28] modified by a cosmological constant term. They found a BTZ black hole [29] on the brane which can be extended as a BTZ black string in a fourdimensional AdS bulk. Their thermodynamical stability analysis showed that the black string remains a stable configuration when its transverse size is comparable to the fourdimensional AdS radius, being destabilized by the Gregory-Laflamme instability [22] above that scale, breaking up to a BTZ black hole on a 2-brane.
In this talk we will discuss black holes on a thin conical brane and their extension into a five and six-dimensional bulk with a Gauss-Bonnet term [30, 31] . In the case of a five-dimensional bulk [30] we had found that the BTZ black hole and its short distance corrections [32] solve the junction conditions on a conical 2-brane. These solutions in the bulk are BTZ string-like objects with regular horizons and no pathologies. The warping to five dimensions depends on the length √ α where α is the Gauss-Bonnet coupling, and this length scale defines the shape of the horizon. Consistency of the bulk solutions requires a fine-tuned relation between the Gauss-Bonnet coupling and the five-dimensional cosmological constant.
In the case of six-dimensional bulk, we found solutions of four-dimensional SchwarzschildAdS black holes on a 3-brane which in the six-dimensional spacetime look like black stringlike objects with regular horizons [31] . In the case of constant deficit angle the localization of the four-dimensional black hole requires matter in the two extra dimensions. The energy-momentum tensor corresponding to this matter scales as 1/r 6 . This fact defines a length scale in the six-dimensional spacetime above which we recover the standard fourdimensional General Relativity (GR), while at small distances GR is strongly modified.
BTZ String-Like Solutions in Five-Dimensional
Braneworlds of Codimension-2
We consider the following gravitational action in five dimensions with a Gauss-Bonnet term in the bulk and an induced three-dimensional curvature term on the brane
where α (≥ 0) is the GB coupling constant and r c = M 3 /M 3 5 is the induced gravity "crossover" scale. The bulk metric is
where g µν (x, 0) is the braneworld metric and x µ denote three dimensions, µ, ν = 0, 1, 2 whereas ρ, θ denote the radial and angular coordinates of the two extra dimensions.
The Einstein equations resulting from the variation of the action (1) are
where H N M is coming from the Gauss-Bonnet term. To obtain the braneworld equations we expand the metric around the brane as L(x, ρ) = β(x)ρ + O(ρ 2 ) . We demand that the space in the vicinity of the conical singularity is regular which imposes the supplementary conditions that ∂ µ β = 0 and ∂ ρ g µν (x, 0) = 0 [6] .
The extrinsic curvature is given by
The second derivatives of the metric functions contain δ-function singularities
From the above singularity expressions and using the Gauss-Codazzi equations, we can match the singular parts of the Einstein equations (3) and get the following "boundary" Einstein equations
We assume that there is a localized (2+1) black hole on the brane. The brane metric is ds
We will look for black string solutions of the Einstein equations (3) using the five-dimensional metric (2) in the form
The space outside the conical singularity is regular, therefore, we demand that the warp function f (ρ) is also regular everywhere. We assume that there is only a cosmological constant Λ 5 in the bulk and we take a(r, ρ) = 1. Then, from the bulk Einstein equations
we find the solutions which are summarized in Table 1 [30].
In the above table L 3 is the length scale of AdS 3 space. Note that in all solutions there is a fine-tuned relation between the Gauss-Bonnet coupling α and the five-dimensional cosmological constant Λ 5 , except for the solution in the fourth row.
To introduce a brane we must solve the corresponding junction conditions given by the Einstein equations on the brane (6) using the induced metric on the brane given by (7) . We found that the BTZ black hole is localized on the brane in vacuum. When n(r) is of the form n(r)
3 − ζ/r, which is the BTZ black hole solution with a short distance correction term and it corresponds to the BTZ conformally coupled to a scalar field [32] , the energy momentum tensor necessary to sustain such a solution on the brane is given by T β α = diag (ζ/2r
3 , ζ/2r 3 , −ζ/r 3 ) . These solutions extend the brane BTZ black hole into the bulk. Calculating the square of the Riemann tensor we find that at the AdS horizon (ρ → ∞) all solutions give finite result and hence the only singularity is the BTZ black hole singularity extended into the bulk. The warp function f 2 (ρ) gives the shape of a 'throat' to the horizon of the BTZ string-like solution. The size of the horizon is defined by the scale √ α and this scale is fine-tuned to the length scale of the five-dimensional AdS space.
Black String-Like solutions in Six-Dimensional Braneworlds of Codimension-2
The metric as in the five-dimensional case is
now with µ, ν = 0, 1, 2, 3 whereas χ, ξ denote the radial and angular coordinates of the two extra dimensions.
The corresponding Einstein equations are
where H N M is the corresponding six-dimensional term. To obtain the braneworld equations we expand the metric around the 3-brane as L(r, χ) = β(r)χ + O(χ 2 ) , and as in the fivedimensional case the function L behaves as L ′ (r, 0) = β(r), where a prime now denotes derivative with respect to χ. The "boundary" Einstein equations are
where the term
appears because of the presence of the induced gravity term in the gravitational action, while the term
is the Weyl term due to the presence of the Gauss-Bonnet term in the bulk. We will look for black string solutions of the Einstein equations (11) using the sixdimensional metric (10) in the form
The solutions are summarized in Table 2 [31] . 
The rôle of the Gauss-Bonnet Term
In codimension-2 braneworlds there is a relation connecting the Gauss-Bonnet term projected on the brane with the components of the bulk energy-momentum tensor corresponding to the extra dimensions [7] . In six dimensions it reads
All bulk solutions have to satisfy this relation which acts as a consistency relation. For the Schwarzschild-AdS solution of the form A(r) 2 appearing in the above table the square of the Riemann tensor reads
while the Ricci scalar and Ricci tensor are constants. Therefore, for the relation (16) to be satisfied the bulk energy-momentum tensor T (B) χ χ | 0 has to scale as 1/r 6 with the right coefficients. This is actually what happens considering the result appearing in the table. Thus, the presence of the Gauss-Bonnet term in the bulk, which acts as a source term because of its divergenceless nature, dictates the form of matter that must be introduced in the bulk in order to sustain a black hole on the brane. It is interesting to observe that this "holographic matter" does not depend explicitly on the extra dimension but only through the warp function F (χ) which at large χ goes to zero. On the other hand on the brane, in the infrared limit we recover the conventional four-dimensional gravity, while in the ultaviolet limit we have strong gravity effects modifying the four-dimensional gravity in a non-trivial way 2 .
Conclusions
We discussed black holes localization on a thin brane of codimension-2 and their extension into an AdS bulk. To reproduce gravity on the brane, we introduced a Gauss-Bonnet term in the bulk and an induced gravity term on the brane. We showed that black holes can be localized on the conical brane, in five dimensions a BTZ black hole while in six dimensions a Schwarzschild-AdS, and these black hole solutions can be extended into the bulk with a warp function. Consistency of the bulk equations requires a fine-tuned relation between the Gauss-Bonnet coupling constant and the length of the AdS space. The use of this fine-tuning gives to the non-singular horizon the shape of a throat up to the horizon of the AdS space with no other curvature singularities except the brane string-like singularity. The presence of the Gauss-Bonnet term is important in our considerations. It allows the existence of black string solutions in five dimensions and in six dimensions it specifies 1 A similar relation involving the Gauss-Bonnet term was presented in [33] in a different context. 2 Black hole solutions in codimension-2 braneworlds were also recently discussed in [34] .
the form of matter which is needed in the bulk in order to sustain a black hole on the brane.
We have not discussed the issue of stability of the solutions we found. The presence of the GB term in the bulk renders the problem difficult to tackle.
